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Sine/Cosine &d WA

Sine/Cosine =l
sin(A£ B) =sin(A)cos(B) £ cos(A)sin(B)
cos(A+ B) =cos(A)cos(B) Fsin(A)sin(B)

Euler EH %l

e"” =cos(8)+ jsin(6)
Atole] 2tA

-(e” —e™),  cos(f)= %(e"‘g +e)
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Time Domain Signal vs Phasor

Assumption : Only known, fixed, and single frequency component exists

A/ O = Acos(2rx ft + )

f Ae” = Acos(2rx ft + 8) + jAsin(2rx ft + 0)
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Auto/Cross Correlation

Auto-correlation on infinite-horizon (aperiodic)

R(1)=[ x(z)x*(r-t)dz

Cross-correlation on infinite-horizon (aperiodic)
R, (1) = y(@)x*(z-t)dr

Auto-correlation on finite-horizon (periodic)

RT(t)—Ilm1 " x(r)x*(r t)dr

—>00 T -T/2
Cross-correlation on finite-horizon (periodic)

RO =tm= [ ye)x*(-tde

ooT -T/2
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Sine/Cosine Formulae for Correlations

L™ sin(rmft)sin(2zmft)d
?L sin(2zmft)sin(2zmft)dr

2 1—cos(4mft)
T/2 2

=—jmsm (2nmft)df——j dr =2

L (™" cos(2rmft) cos(2zmft)d
T j_T cos(2zzmft) cos(2zmft)d

172 1+ cos(4mft) dr 1

:_j CoS (Zﬂmft)df—_jm 2 2

L (™" sin(2zmft) cos(2rmft)d
?L 2sm( zmft) cos(2zmft)dr

dr=0

B jm S|n(47szt)

T/2
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<T = if p = least common multiple of m and n>

L™ sinrmft)sin(2znft)dz = 0
?L/zsm( amft)sin(2znft)dz =

L (™" cos(2rmft) cos(2znftydz = 0
?j_mcos( amft) cos(2znft)dz =

L™ sin(2rmft) cos(2znft)dz = 0
?j_msm( amft) cos(2znft)dz =
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Fourier Series with Real Coefficients

o0

X(t) = —O + " a,cos(2znf, )+ im sin(2znf; t)

n=1

]
=ngx(t) cos(2znft)dt n=0,12,...
0
-

bnzTEJ'x(t)sin(Znnflt)dt n=0,12,...
0
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Fourier Series with Complex Coefficients

X(t) = — +icncos(27znft 6,) n=12,3,..

where: Cn:\/an%rbn2 and Qn:—tan‘l(b%)
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Fourier Transform

X(f)=F[x®)]=] x(te*"dt

X(t) = F‘l[X(f)]:j:X(f)ejz”ﬁdf

_ L " X(jw)eda
27T Y

<a)—27zf>
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Laplace Transform

X (s)=L[x®)] =] x(t)edt

x(t)=L"[X(s)]= j_i X (s)eds

- Laplace transform is applicable to any signal
- Fourter transform is applicable only to periodic signal

& & TRN .m'mmm

http:/ /nisl.ka



Parseval’ s Theorem

[ Ix)Pdt=[" | X(f)Pdf
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Energy/Power in Time Domain

Energy In Time Domain

— _O;\x(t)f dt

(Average) Power In Time Domain

p=lim =[x dt

T—)ooT -T/2
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Energy/Power Spectral Density in Frequency Domain

Energy Spectral Density
ESD, (f)=F[[_ x(x)x*(z-t)dr] = F[R (t)]

Power Spectral Density

PSD, (1) = F[lim = 2" x()x*(r—t)dr] = F[RT (1)]

ooT -T/2
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Time Domain Response by Convolution Integral

5(t)

Impulse input

Linear Time
Invariant
System A

X(t) ——

Arbitrary input

Linear Time
Invariant
System A

> h(t)

Impulse response

>y(t)?
output

y(t) =h(t)ox(t) = [ ht-7)x(z)dz = [ h(z)x(t-7)dz
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Frequency Domain Response by Transfer Function

1=F[5(1)]

Impulse input

Linear Time
Invariant
System A

X(f)= F[X(t)]—>

Arbitrary input

Linear Time
Invariant
System A

>H(f)=F[h(t)]

Transfer Function

>Y(f)=F[y(®)]?

output

Y(f)=H(f)X(f)
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Input/Output Cross-Correlation and Transfer Function

Ry, (t) = lim = j X(z)y™*(r —t)dz

T/2

U x@[” x*(-t-a)h*(@)dade

-T/2

h*(a)[llml )X (7 —t a)dr}da

ooT -T/2

h*(a)RT(t+a)da j h*(2)R! [z - (-t)]dex
_h*( t) o RT (~t)

In summary,

Ry, (1) =h*(=t)o Ry (-t) =—=>| Ry (-t)=h*(t)oR}(t)

R
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Output Auto-Correlation and Transfer Function

RT(t)_Ilm j y(z)y*(r-t)dr

T/2

=|im1 " yx (e -] x(r-oIh(o)dodr

T—)ooT -T/2

h(0)|:|lml X(r—o)y*(r— t)dr}da

T—)ooT -T/2

h(a)R (t—o)do = j h(o)R} [0~ (-t)]do
- h(t) R, (-t) =h(t)oh*(t) o R, (1)

In summary,

Ry (t) =h(t)oh*(t) o R, (t)
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Input/Output Power Spectral Density and Transfer Function

PSD, (f)=F| R} (t) |=F|h(t)oh* ()R} (1) |
=F[h®]F[h*®O]F| R} (1) ]
= H(f)H*(f)PSD,(f)
=[H () PSD,(f)

In summary,

PSD, (f)=|H(f)[ PSD,(f)
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Frequency Response : Bode Plot of Transfer Function

I[I( j(r))l

1.0

Magnitude Plot

w
w =2 T . angular frequency

Phase Plot
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Frequency Response Examples

"1(]0))[ | Ill(.’“')l

1 I -

Passband | Stopband Stopband| Passband

O jw) ’ U(jw)
0° 0(jewe)

0(jor,)

low-pass filter high-pass filter
|H(je)| | |H(jew)|
ol 1

Pass-
band

Stop

fard Passband

Stopband Stopband Passband

U(ju)) L0 P Weo w Wy Weor

Njwe) Sy -

0°
o Coss,

band-pass filter band-reject filter
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Modulation (Transmitter)

Y "(t) :%cos[%( fo+f,)t] :sum

+%cos[27z( f,— f,)t] : difference Y(®) = Keos[27(f.+ f,)t]

Band-Pass
Filter( f, + f,)

Y '(t) Z%COS[ZE( fo+f,)t]

X (t) = Acos(2r f t)

Carrier Signal
(ex: LF band)

T

Modulating
Signal
(ex: Music)

o —————— - -
T ————— N

X, (t)=Bcos(2zf t)

modulator
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Demodulation (Receiver)

K +K
S "(t) =@cos[2n[(fc + 1)+ £]t] sum

Kosc + Kamp - di
Jrfcos[m[(fC +f)- fc]t}  difference Y() =K Cos[zﬁ( f ot fm)t:|

S(t) =M cos(2x f,t)

and-Pass
@ ‘DI:I :I Eilter ID( f.)

N

Ko + K
S't)= % COS (27z fmt) Local Oscillator

X osc (1) = K COS[ 277 f 1]

1
1
1
1
1
1
1
1
Iy o
1Y '(t) = K cOS| 27 f,+ £, )t ]
1
1
1
1
1
1
U

demodulator
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GNSS Receiver
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Receiver Functions

Receives RF signal
RF (Radio freq.) / IF (Intermediate freq.) down conversion
Signal Acquistition

— 2 dimensional search in time and freq. domains

Signal Tracking
— DLL for code tracking

— FLL or PLL for carrier tracking
Bit & Frame Synchronization
Generation of PRs, CRs, and DPPLs

Computation of position, velocity, and time

'n: RN AReR.ER
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Example : GPS Receiver

A d(t)e(t)sm(ont + @)+ A,d(t)p(t)cos(of +¢,,) + A,d(t) p(t) cos(@,t +¢,,)

DLL TRACKING
RCVR

DEMODULTOR [:

NAVIGATION KALMAN
RCVR DATA FILTER
REIIE DEMODULTOR PROCESSING POSITION

& &
SAMPLING | PSEUDO ESTIMATE

.| RANGE &
CORRECTION COORDINATE

TRANSFOR-

DLL TRACKING
TRACH MATION

DEMODULTOR

N channels ﬁ r‘
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)
OOPPLER '%- MICROPROCE SSOR
PREAMPLIFICATION IF SAMPLING REMOWVAL ACCUM. FUNCTIONS

1
AND FILTERING AND AD {PHASE
ULATORS
DOWNCONVERSION CONVERSION] | RoTATION - FILTERING
- ACOUSITION

ALGORITHMS

\ Lo TSAMF‘LING Tﬂer A\REF 3 N CHARNEL - TRACKING
q,

CLOCK In CLOCKS LOOPS

- LOCK
CETECTION

- DATA RECOVERY

) - MEASUREMENT

<« PROCESSING

REFERENCE ] SYNTHES‘ZER CARRIER

QSCILLATOR NCO

NCO AND
REFERENCE
CLOCKS af

More Detailed Receiver Architecture
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Basic Crystal Oscillator

Tuning
Voltage

.

Crystal
resonator

N ! >_, Output
L~ Frequency
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SIGNAL CONDITIONING

Code and carrier
measurements to
PVT estimator

? Antenna

* Burnout protection
* Bandpass filter
* Low-noise amplifier

Digital signal processing channel

Analog si itioning :
l Analog signal conditioning (one for each satellite tracked)

Radio
frequency

— -

Mixer and
intermediate

Bandpass
sampling

Doppler
removal

-

5| DLL&PLL|
| fiters |

Correlators

BPF frequency BPFs

A

—

Qua'dréflure
Code error

Carrier | Code 4_
NCO NCO | (z-17)

Carrier error (8~8) |

Local oscillator #1
Local oscillator #2

Reference
oscillator

Frequency
synthesizer

Signal processing portions of a recetver
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0 Super-Heterodyne

— A "heterodyne" refers to a beat or "difference" frequency produced when two
or more external radio frequency carrier waves are fed to a detector. The term

was coined by Canadian Engineer Reginald Fessenden in early 1900s.

Later, when vacuum triodes became available, the same result could be

achieved more conveniently by incorporating a "local oscillator” in the receiver.

In December, 1919, Major E. H. Armstrong gave publicity to an indirect method

of obtaining short-wave amplification, called the super-heterodyne.
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® Frequency down conversion (heterodyning)

(Acosa)(Bcos ) = % [cos(a + ) +cos(a — )]

where

Acosa =+/2Cx(t—7)D(t - 7) cos|2z(f_+ fy)t+6] : received signal
Bcos B =~2cos[2z(f, — f,.)t+6, ] : receiver-internally-generated signal
7 . elapesed time for the propagation from transmitter to receiver

f, : carrier frequency

f, : doppler frequency

fc :intermediate frequency (f,- << f,)

0,0, : phase offsets

'n: i B B Eoas Rews
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Block Diagram of RF/IF Down Conversion

SiGe/Bipolar

Baseband

Frequecy
Synthesizer

)e SR AR aR

AN http://nisl.kau.ac.kr




o Mixing
— Combination of muliplying and filtering
— Generates a signal modulated by the intermediate freqeuncy

%cos(owﬂ) =Cx(t—7)D(t—7)cos[27(2f, — fi + )t +0+6; ]

(removed by a low-pass filter)

§cos(a- B) =Cx(t-7)D(t - ) cos[27( e + o)t + 06 ]

(down-coverted signal)

— .
s(1)=~N2PD(t—1)x{(t~ z‘_)cm(’;r(f,‘ +fp)t+ 6]

Y
\_/ Antenna

Low-noise
amplifier (LNA)

VeD(t-1)x(:-1){cos (27 (£ + Sy )1+ 0~ 0y,

+08(22(21, + fiy = Fi )1+ 0+ 6y, )]

| —— —

| RF ' ¥ Band pass filtar
gre — > X | centered on f;,

A JCD(1-1)x(r - T)

—_—

[ . o A ' . \
»'Zcos(.'.‘lrf_l‘i = fip )1+ 6, ) cos( 27| fot e )t +00)
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s(t)=N2PD(t— 1) x(t —7)cos(27(f, + f, )t +6)

+ ﬁcos(ZE(fL ~ fir1 )t “"‘9!1?1)

Y ¢

BPF Amplifier BPF
LNA: 20 dB 50 MHz 40 dB 30 MHz X 7

Amplifier BPF
40 dB X oMHz —

T \/ED(‘:}"-—l-t)x(f— 7)
2'cqs (ZE(fm — fir2 )t + eIFZ) cos (2;;(fb + fips )t + 66) |

Multiple mixers and intermediate frequency stages are often employed
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o Sampling

Many receivers use a simple AD converter and these have four levels of
quantization

Such receivers do not suffer much SNR loss relative to a receiver without
quantization but they require automatic gain control (AGC)

The AGC ensures that the signal amplitude is spread among the quatization
boundaries of the A/D

If the sample rate is high enough, then the samples can be used to reconstruct

the original signal

'u: i B B Eoas Rews
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—A/D Conversion: One-bit sampling

Signal

~
N

1-bit quantized signal

* Misconception: One-bit sampling does not provide information on

signal amplitude.
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Signal with noise

1-bit quantized signal
[average of many samples]

* In Reality: With help of noise, ensemble average of one-bit samples gives
signal amplitude.
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Qaudrature Signals

O

Inphase and Quadrature Processing and Doppler Removal
— With respect to the input signal

JCD(t—7)x(t—7)cos[27z(f, + fo)t+56]

— The recetver internally generates two reference signals

J2 COS|:27Z'( fo+ )t +¢9}  inphase reference

ﬁSin[Zﬂ'(le + fD)t+¢9} : quadrature reference

— After low-pass filtering, the outputs from the inphase and quadrature
channels are (carrier wipeoff)

JCD(t - 7)x(t—7) cos(27Af, t + AB) : inphase
JCD(t—7)x(t —7)sin(2zAf, t + AB) : quadrature

where Af, = f, -
/4]

AG=50-0

| ) Vg \ 4
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D(t) cos(w,:t)

Incoming
Signal

—

Integrate &
Dump

Numerically
Controlled
Oscillator

sin(w,t + )

Integrate &
Dump
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Code correlators (|)

1 «
ul AWM "!« M 4 (il WWWW ,l

400
Time (ms)

Code correlators (Q)

200 300 400 500 600 700
Time (ms)

Locked State

Code correlators ()

mmn,uwmt‘uJm'.mw* i

‘lnlikﬁ]illll4th.ile kﬁL&ililh dHLilliLtkL]llll
100 200 300 400 500 GO 700 800
Time {ms)

? Code correlators (Q)

200 300 400 500 60O
Time (ms)

Unlocked State

Correlator Outputs at (Un)Locked States
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