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Abstract—Motivated by the accuracy benefit of the Hatch gain 

compared to the Kalman-type gain and the advantage of 
position-domain filtering compared to range-domain filtering, 
this paper proposes a position-domain Hatch filter for differential 
kinematic satellite-based positioning. It is shown that the Hatch 
gain generates white residual sequence in both the range-domain 
and the position-domain. An experiment result demonstrates that 
the proposed position-domain Hatch filter is advantageous in real 
time kinematic positioning. 
 

Index Terms—Kalman, Hatch, filter, analysis 
 

I. INTRODUCTION 
NLIKE many other positioning sensors, a Global 

Navigation Satellite System (GNSS) receiver provides 
diverse measurements. This diversity of measurements offers 
an opportunity for improvements in both positioning accuracy 
and fault detection ability. The carrier-smoothed-code filtering 
proposed by Hatch [1] is a good example of an algorithm that 
maximally utilizes the information redundancy provided by 
GNSS to improve positioning accuracy. Compared with other 
types of filtering for precise differential positioning, 
carrier-smoothed-code filtering does not require the 
specification of a dynamic model or the provision of fast-rate 
aiding sensors for time propagation.  

After the introduction of the Hatch filter, several 
position-domain (PD) filters have also been proposed that 
exhibit less sensitivity to changes in the visible satellite 
constellation. The two most representative examples of these 
are the complementary filter proposed by Hwang and Brown 
[2] and the phase-connected filter proposed by Bisnath and 
Langley [3]. The complementary filter utilizes the receiver’s 
current position as the filter states and the phase-connected 
filter utilizes the current and the previous position as the filter 
states. Thus, the phase-connected filter requires twice the 
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number of states of the complementary filter. Recently, it was 
shown that position-domain is more beneficial than 
range-domain in applying carrier-smoothed -code technique to 
urban GPS data [4-8]. 

This study is motivated by a covariance analysis result that 
compares two representative range-domain (RD) 
carrier-smoothed-code filters, i.e., the well-known Hatch filter 
[1] and the RD filter that utilizes Kalman-type gain [7]. Fig. 1 
shows the covariance analysis result that illustrates the steady 
state performance of both RD filters. In the figure, the 
horizontal axis corresponds to the carrier-to-code noise ratio 
where representative values for single-frequency, 
ionosphere-free combination, and wide-lane measurements [2], 
[9]−[12] are depicted. The vertical axis shows the error 
reduction ratio where the variance of the smoothed code is 
divided by that of the raw pseudorange. It can be seen that the 
Hatch filter shows better performance than the Kalman-type 
RD filter. In addition, the performance difference grows as the 
carrier-to-code noise ratio increases. The Kalman-type gain 
satisfies a certain optimality criteria. As a result, it is also 
anticipated that the Hatch gain has its own optimality criteria 
(and other favorable characteristics), that will be proven later.  

The other motivation came from the comparison of results 
from PD and RD filters. As will be seen later, RD filtering is in 
general more susceptible to information loss than PD filtering if 
signal lock of a channel is lost, even for a short period [8].  

Motivated by these two insights, this paper proposes an 
efficient kinematic PD filter, that the authors refer to as the PD 
Hatch filter. The proposed PD Hatch filter enables more 
accurate position estimation in the presence of signal blockages. 
This is due to the synergism of both Hatch gain and PD 
filtering. 

To prove the advantages of the PD Hatch filter, this paper is 
organized as follows. In Section 2, assumptions and the 
measurement model are introduced. A class of PD and RD 
filters are summarized. In Section 3, a new interpretations of 
the RD Hatch filter are provided. Extending the interpretation 
results of the RD Hatch filter, the PD Hatch filter is derived. In 
Section 4, an experiment result is presented to demonstrate the 
benefits of the PD Hatch filter. Finally, a concluding remark 
will be given. 
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Fig. 1. Comparison of the a priori error between the Hatch filter and the 
stepwise-optimal range-domain filter 

 

II. SUMMARY OF CARRIER-SMOOTHED-CODE FILTERS 

A. Assumptions and Measurement Model 
To extract the complete information transmitted by a GNSS 

satellite, a receiver’s channel typically consists of two signal 
tracking loops, the Delay Lock Loop (DLL) and the Phase Lock 
Loop (PLL) [9], [13]− [16]. The DLL is responsible for 
generating the pseudoranges, while the PLL generates the 
accumulated carrier phase observables. The pseudoranges and 
carrier phases measured by a single receiver are contaminated 
by a variety of error sources, including thermal noise, 
satellite-oriented error, ionospheric delay, tropospheric delay, 
cycle slip, and multipath disturbance.  

If a user’s receiver and a reference receiver are located close 
by or dual-frequency receivers are used, the common error 
sources such as the satellite-oriented error, ionospheric delay, 
and tropospheric delay can be effectively eliminated [9]− [13]. 
This type of data combination is referred to as 
single-differencing. Cycle slips can be detected by comparing 
L1 carrier phase with L2 carrier, L1 doppler shift, or estimated  
velocity and clock bias projected along the line of sight 
direction. Multipath error can be effectively detected and 
mitigated by various known methods [6], [14], [15], [17]− [20]. 
Since this study focuses only on the efficiency of position 
estimation, the corrected pseudorange kj ,

~ρ  and carrier phase 

kj ,
~φ  with respect to the j -th satellite at the k -th epoch 

(assuming the common-mode errors, cycle slips, and multipath 
errors have been eliminated) can be modeled as: 

kjkukukj
T

kjkj vbxxe ,,,,,, )(~ ++−=ρ  
jkjkukukj

T
kjkj nbxxe Νλφ +++−= ,,,,,, )(~
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 (1) 
where  

kje , : Line of Sight (LOS) vector from the receiver to the  

j -th satellite at the k -th epoch 

kjx , : Earth-Centered Earth-Fixed (ECEF) position of the  

j -th satellite at the k -th epoch 

kux , : ECEF receiver position at the k -th epoch 

kub , : receiver clock bias at the k -th epoch 

jΝ : unresolved integer ambiguity 

kjv , , kjn , : noise terms in the code and carrier measurements  

of the j -th  satellite at the k -th epoch 

ρr , φr : uniform noise strength values of code and carrier  

measurements 
),(~ Pm : Gaussian distribution of appropriate dimension  

with the mean m  and the covariance P  
A typical noise ratio for ρφ rr /  is of the order of 0.01 if 

single-frequency receivers are used. It can range, however, to 
0.06 if the wide-lane combination of a dual-frequency receiver 
is used [9]− [13]. Though not considered, it is worth remarking 
that the carrier-smoothed-code filtering can also be applied to 
other types of radio-navigation signals, not just to the signals 
from GNSS satellites. In this case, the noise ratio will vary. 

The symbol kX  will be used to denote the true state vector, 
that is composed of the three-dimensional position sub-vector 

kux ,  and the receiver clock bias kub , : 
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Related to the true state vector kX , the symbols kX , kXδ , 

kP , kX̂ , kX̂δ , and kP̂  will be used to represent the a priori 
state estimate, a priori estimation error, a priori error 
covariance matrix, a posteriori state estimate, a posteriori 
estimation error, and a posteriori error covariance matrix at the 
k -th step for all the filters considered, respectively:  
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To denote the true displacement information, the symbol kXΔ  
will be used:  

T
ku

T
kukkk bxXXX ])[(: ,,1 ΔΔ=−=Δ +  (4) 

The symbols I  and O  will be used to notate identity and 
zero matrices of appropriate dimension. If necessary, their 
dimensions are explicitly given using subscripts. 

  

B. Position-Domain Filters 

The indirect measurement kjz ,  with respect to kXδ  for 

measurement update for PD filtering is formed by the following 
equation: 

kukukj
T

kjkjkj bxxez ,,,,,, )(~ −−−= ρ  (5) 
According to (1-5), the indirect measurement j

kz   satisfies 

jkkkjkj vXhz ,,, += δ , 
]1[: ,, −= T

kjkj eh . (6) 
In PD filters, all the channelwise scalar measurements 

participate in position estimation concurrently, as they are 
acquired. Thus, vector notation is more convenient in 
describing PD filters. The indirect measurement vector kZ  to 

update the position estimate kX  from to kX̂  is written as 
follows: 

kkkk vXHZ += δ , ),(~ 1 JJJk IrOv ×× ρ  (7) 
where 
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]1[: ,, −= T

kjkj eh  
J : number of visible satellites (8) 
To derive the exact measurement equation for 

time-propagation, it is necessary to define the variables kux ,Δ , 

kub ,Δ , kjx ,Δ , and kje ,Δ  as the increments of the user position, 

user receiver clock bias, the j -th satellite’s position, and the 
LOS vector from the k -th step to the ( 1+k )-th step, 
respectively: 

kukuku xxx ,1,, : −=Δ + , kukuku bbb ,1,, : −=Δ +   

kjkjkj xxx ,1,, : −=Δ + , kjkjkj eee ,1,, : −=Δ +  (9) 

Then, according to (1) and (9), the incremental carrier phase 
)~~( ,1, kjkj φφ −+  satisfies the condition: 
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 (10) 
If one forms the indirect measurement 1, +kjω  for 

time-propagation as: 
)~~()ˆ(: ,1,,1,,,,1, kjkjkukj

T
kjkj

T
kjkj xxexe φφω −−−Δ+Δ= +++  

 (11) 
1, +kjω  satisfies the following relationship according to  (3), (6), 

and (9)− (11): 

1,1,1, +++ +Δ= kjkkjkj wXhω ,  
T

ku
T

kuk bxX ])[( ,, ΔΔ=Δ , (12) 

where 

kjkjku
T

kjkj nnxew ,1,,,1, ˆ: +−Δ−= ++ δ  (13) 

Stacking 1, +kjω  for all the satellites into a vector 1+Ωk  yields 

the following linear equation to propagate kX̂  in time to 1+kX : 
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Based on the two types of vector measurements kZ  and 

1+Ωk , the PD filters with consistent error covariance 
information are implemented in a recursive way using the 
following algorithm. 

 
Initialization: 

]~|[ˆ
000 kkk XEX ρ=  

1
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T
kk HHrP ρ  (16) 

Time-Propagation: 
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kQ : weighting matrix for time propagation (17) 
Measurement Update: 

kkkk ZKXX −=ˆ
 

( ) kkkkkk vKXHKIX −−= × δδ 44
ˆ

 
( ) ( ) T

kk
T

kkkkkk KKrHKIPHKIP )(ˆ
4444 ρ+−−= ××   

kK : weighting matrix for measurement update (18) 
 
As can be seen in the algorithm, two gain parameters kQ  and 
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kK  affect the efficiency of estimation. Selecting kQ , kK , and 
the carrier noise strength φr  as: 

i) cIQk = , 1)( −+= IrHPHHPK T
kk

T
kkk ρ , 0=φr   

 (19) 
ii) cIQk = , 1)( −+= IrHPHHPK T

kk
T
kkk ρ , [ ]2)( knEr =φ  

 (20) 
iii) [ ]T

kkk WWEQ =: , 1)( −+= IrHPHHPK T
kk

T
kkk ρ ,  

[ ]2)( knEr =φ  (21)                    (14c) 

where the symbol c  denotes an arbitrary scale factor, several 
filters are generated. (19), (20), and (21) result in a 
modification of the complementary filter [2],[11], the 
stepwise-unbiased PD filter, and the stepwise-optimal PD filter 
[7], respectively. If the product kk XH ˆδΔ  of the LOS change 
and the estimation error between subsequent epochs is small 
compared to carrier measurement noise )( 1+− kk nn , the 

weighting matrix kQ  described by (14) and (21) almost equals 

a scaled identity matrix. Due to the utilization of cIQk = , the 
time-propagation of the stepwise-unbiased PD filter 
characterized by (20) is further simplified from (17) to [7]: 
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It is shown in [7] that (20) of the stepwise-unbiased PD filter is 
more attractive than (19) and (21) since it maintains consistent 
error covariance matrix, keeps good positioning accuracy, and 
is computationally efficient. For later analyses, the a priori 
error covariance recursion of the stepwise-unbiased PD filter is 
obtained as follows, combining (18) and (22): 
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 (23) 
From now on, the stepwise-unbiased PD filter is described as 
the PD Kalman-type filter for notational convenience. 

  

C. Range-Domain Filters 
RD filters generate two range estimates: a compressed 

pseudorange kj ,ρ̂  and a projected pseudorange. The 

compressed pseudorange kj ,ρ̂  is the a posteriori range 

estimate that is based on all the code and carrier measurements 

kiij ,,2,1,0, }~{ =ρ  and kiij ,,2,1,0, }{ =φ  of the j -th satellite at the 

k -th epoch after the initialization of the filter. The projected 
pseudorange kj ,ρ  is the a priori range estimate before the new 

pseudorange measurement kj ,
~ρ  at the current k –th step is 

accommodated. The scalar estimation error and error 

covariance values of kj ,ρ̂  and kj ,ρ  are denoted by kjv ,ˆ , kjR ,
ˆ , 

kjv ,  and kjR , , respectively.  The RD filter of the j -th 

satellite’s channel is summarized as follows [7],[8]. 
 

Initialization: 
00, =kjα , 10, =kjβ , 0,0,

~ˆ kjkj ρρ = , ρrR kj =0,
ˆ

  

0k : filter initialization time index )( 0kk >  (24) 
Time-Propagation: 

)~~(ˆ: ,1,,1, kjkjkjkj φφρρ −+= ++  
)~~(ˆ: ,1,,1, kjkjkjkj vv φφ −+= ++  

Φ+ += rRR kjkjkj ,,1, 2ˆ β  (25) 
Measurement Update: 

kjkjkjkjkj ,,,,,
~)1(ˆ ρβρβρ +−=  

)()1(ˆ ,,,,,,,,, kjkjkjkjkjkjkjkjkj vvvvvv −−=+−= βββ  

ρββ rRR kjkjkjkj
2

,,
2

,, )()1(ˆ +−=   

kj ,β : arbitrary gain for the j -th channel at the k -epoch 

 (26) 
Compared to PD filters, RD filters need no permanent 

storage for position estimates. Instead, the position estimates 
are generated at each time by treating the outputs of multiple 
RD filters Jjkj ,,2,1, }ˆ{ =ρ  or Jjkj ,,2,1, }{ =ρ  in the same manner 

as applied to the raw pseudoranges Jjkj ,,2,1, }~{ =ρ  for each k .  

]|[ kk
r
k XEX ρ= ,      ]ˆ|[ˆ

kk
r
k XEX ρ=  (27) 

Since the equivalent pseudoranges of different channels are 
assumed to be not correlated to each other, the following error 
covariance matrix r

kP  and r
kP̂  of the range-domain filters can 

represent the accuracy of the resultant position estimate based 
on RD filters: 

[ ] 11)( −−Σ= k
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r
k HHP ,   [ ] 11)ˆ(ˆ −−Σ= k
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r
k HHP  (28) 

In (28), the superscript r  denotes range-domain filtering. The 

error covariance matrices r
kΣ and r

kΣ̂  are constructed at each 
time step by utilizing the scalar error covariance values of all 
the channelwise RD filters: 
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 (29) 
RD filtering has a disadvantage in that the total information of a 
channel is lost if the signal lock to the satellite is lost, even for a 
short period. For that reason, the dimensions of the matrices 

kH , r
kΣ and r

kΣ̂  shown in (29) are reduced by one when a 
satellite outage occurs.  

As shown in the RD filter algorithm, only the scalar gain 
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parameter kj ,β  affects the efficiency of RD filtering. 

Depending on the different formulae for kj ,β  shown below, 

the two most representative RD filters, i.e. the Hatch filter [1] 
and the stepwise-optimal RD filter [7] are generated: 

kkj /1, =β  (30) 
)/( ,,, ρβ rRR kjkjkj +=  (31) 

By the information sharing principle [21], the measurement 
update of the stepwise-optimal RD filter can also be 
represented by (32), instead of (26): 

( ) 111
,,

ˆ −−− += ρrRR kjkj  (32) 

For later analysis, the a priori covariance recursion of the 
stepwise-optimal RD filter is obtained as follows by combining 
(25), (31), and (32): 

( ) 111
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2
1 −−−
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⎛
+= ρ

ρ

φ rR
r
r

R kjkj
 (33) 

To contrast the characteristics from the RD Hatch filter, the RD 
stepwise-optimal filter is described as the RD Kalman-type 
filter type for notational convenience.   

III. POSITION-DOMAIN HATCH FILTER 

A. New Interpretation of  Range-Domain Hatch filter 
Assume that the code and carrier sequences up to the k -th 

time step are given as { }lj ,
~ρ  and { }lj ,

~φ  where kl ,,2,1= .  

The RD Hatch filter assigns equal weighting of k/1  to all the 
measurements { })~~(~

,,, ljkjlj φφρ −+  where kl ,,2,1= . The 

smoothed pseudorange estimate kj ,ρ̂  satisfies the following 

relationship: 

[ ]∑
=

−+=
k

l
ljkjljkj k 1

,,,, )~~(~1ˆ φφρρ  (34) 

Considering all the measurement noise terms, kj ,ρ̂  can be 

decomposed as follows: 
kjkjkj v ,,, ˆˆ += ρρ ,  

kj

k

l
lj

k

l
ljkj n

k
kn

k
v

k
v ,

1

1
,

1
,,

111ˆ −
++= ∑∑

−

==

. (35) 

Due to the independence of the noise terms in (1), the error 
covariance of the RD Hatch filter satisfies the following 
relation: 

φρ r
k

kr
k

R kj
11:ˆ

,
−

+=  (36) 

Substituting (30) and (36) to (25) yields: 

1, −

+
=

k
krr

R kj
φρ  (37) 

Utilizing (30) and (37), one obtains a new form of RD Hatch 
gain: 

( )( )
( )[ ]
[ ]

[ ]{ } 1

1,1,

1,1,

1
,,

1
,,,

)()12(ˆ

)12(ˆ
)()(

−

−−

−−

−

−

++−+⋅

−+=

++−−=

+−=

ρφφ

φ

ρφφφ

ρφ

β

β

β

rrrR

rR

rrrRrR

rRrR

kjkj

kjkj

kjkj

kjkjkj

 (38) 

By interpreting the gain formula for kj ,β  between the new 

pseudorange kj ,
~ρ  and the projected pseudorange 

)~~(ˆ 1,,1, −− −+ kjkjkj φφρ , it can be seen that kj ,β  is identical to 

the optimal gain that combines two projected pseudoranges 
)~(ˆ 1,,1, −−− −+ kjkjkj φφρ ε  and )~(~

,,, kjkjkj φφρ ε −+ − , as shown 

in Fig. 2, where εφ −kj ,  stands for a conceptual error-free carrier 

phase measurement. 
 
To explain the advantages of the RD Hatch filter, the 

following Theorem 1 summarizes that the RD Hatch filter is a 
generator of a white residual sequence. Generation of white 
residual sequence implies that the RD Hatch filter extracts all 
the useful information that is orthogonal to the noise subspace. 

 
Theorem 1: White residual generation by RD Hatch filter 

If the noise terms of the corrected measurements satisfy (1), 
the RD Hatch filter represented by (24)− (26) and (30) 
generates a white residual sequence.               

 

B. Derivation of Position-Domain Hatch Filter 
In the previous subsection, a new interpretation of the RD 

Hatch filter was given. The new interpretation showed that the 
Hatch gain, though its original form is not explicitly related to 
error statistics as shown in (30), has also a physical meaning 
from the stochastic point of view, as shown in (38) and Fig. 2. 
By Theorem 1, it was shown that the Hatch gain extracts all the 
useful information that is orthogonal to the noise subspace in 
range-domain. 

Based on the new interpretation in the previous subsection, 
this subsection derives a new PD filter, i.e. the PD Hatch filter. 
Adopting the simple and efficient weighting IQk = , as in the 
case of the PD Kalman-type filtering, the time-propagation of 
the state estimate 1

ˆ
−kX  at the ( 1−k )-th epoch and the newly 

arriving measurements kρ~  of the k -th epoch depicted in Fig. 
3 are summarized as follows: 

)~,(ˆ
11 −−−− Δ+= kkkk XXX φφ εε  

)~,(~
kkkk X φφρρ εε −− Δ+=  (39) 

where 
]~[:)~,( 1111 −

−
−−−−−− Δ−−=Δ k

k
kkkkkk XHUX ε

εεε φφφφ  

]~[:)~,( k
k
kkkkkk XHUX ε

εεε φφφφ −
−−− Δ−−=Δ  

ij
j

i HHH −=Δ :  (40) 
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Fig. 2.  Projection of compressed pseudorange and raw pseudorange 
measurement to derive scalar range-domain Hatch gain 
 
 
The estimation error εδ −kX  of the a priori state estimate ε−kX  
in (39) satisfies the following equations. 
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 (41) 
By (41), it can be seen that εδ −kX  satisfies the following 
Gaussian distribution. 
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 (42)  
Applying the procedure that is similar to (5)− (8), the indirect 
measurement ε−kZ  is obtained from (39)− (41) as follows. 

kkkkkkk vnUHXHZ +−= −− εε δ  (43) 
Finally, an improved estimate ε−kX  can be obtained if one 

combines ε−kX  and ε−kZ  as follows: 

εεεε −−−− −= kkkk ZKXX  (44) 
As a result of the combination, the estimation error becomes: 

εεεε δδ −−−− −= kkkk ZKXX  (45) 

Utilizing (41)− (43) and the known stochastic properties, the 
stepwise-optimal gain *

ε−kK  that minimizes the estimation 

error εδ −kX can be derived: 

[ ] [ ]{ } 1* −

−−−−− = T
kk

T
kkk ZZEZXEK εεεεε δ  (46) 

where 
[ ] T

kk
T
kk HMZXE εεεδ −−− =  

[ ]
IrUHUHr

HUHMHUHZZE
T

kkkk

T
kkkkkkk

T
kk

ρφ

εεεεε

++

= −−−−−

))((

)()( 

 (47) 
As ε  approaches zero, one obtains the following relationships: 

kk UU =−→ εε 0
lim ,           

 

 

 
 
Fig. 3.  Projection of state estimate and pseudorange vector to derive vector 
position-domain Hatch gain 
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 (48) 

Utilizing kP  shown in (17), kM  and kK  in (50) can also be 
written as: 

1)( −
ΦΦ −=−= k

T
kk

T
kkkk HHrPUUrPM  

[ ] [ ] 11)( −−
Φ +−= IrHPHHHHrPK T

kkk
T
kk

T
kkk ρ  (49) 

As shown in (49), similar to the RD Hatch gain kj ,β  in (38), 

the derived PD Hatch gain kK  also appears slightly skewed by 
1( )T

k kr H Hφ
−  as compared to the Kalman-type gain in 

(19)− (21). 
The derived PD Hatch filter is summarized in Table 1, where 

a selection matrix kΓ  is used to consider cycle slips and abrupt 

satellite inclusions and outages. The selection matrix kΓ  
consists of 0’s and 1’s where 1 denotes the measurement that is 
valid at both the k  and )1( −k -th step, simultaneously. Thus, 
the selection matrix kΓ  maps from the full-dimensional 

measurement vector kΩ  and kZ  that considers all the 

channels to the reduced measurement vector *
kY . By the 

utilization of the selection matrix kΓ  and single differenced 
measurements, the exclusion of the multipath or cycle slip 
affected channel is operationally easy as shown in Fig. 4 
compared with the existing position-domain kinematic 
carrier-smoothed-code methods utilizing double differenced 
measurements [5], [20]. 

 
The following Theorem 2 states that the PD Hatch filter, like 

the RD Hatch filter, is a generator of white residual sequence. It 
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means that the PD Hatch filter extracts all the useful 
information from the pseudorange and incremental carrier 
phase measurements. 
Theorem 2: White residual generation by PD Hatch filter 

If the noise terms of corrected measurements satisfy (1), the 
PD Hatch filter represented by (16)− (18) and (51) generates a 
white residual sequence.                                                          

 

IV. EXPERIMENT 
 
To evaluate the performance characteristics of the PD Hatch 

filter, an experiment was performed. For the experiment, two 
dual-frequency GPS receivers are utilized. One receiver is 
installed at an exactly known position as a reference and the 
other is mounted on a test vehicle as a rover. For the experiment, 
the vehicle was run around a semi-urban area. During the run, 
all the raw measurements of the reference and rover are logged 
in the Receiver Independent Exchange Format (RINEX) format. 
To extract a “truth” trajectory, commercial processing software 
for Carrier-phase Differential GPS (CDGPS) was utilized. 
Since the truth trajectory is based on the resolved integer 
ambiguity in the differenced carrier phase measurements, its 
typical accuracy is in the order of cm.   

For performance comparison, the logged RINEX 
measurements are utilized as an input to the RD Hatch filter, the 
PD Kalman-type filter, and the PD Hatch filter in the simulated 
real-time mode. To highlight the effects of carrier phase noise, 
wide-lane combination of carrier phase measurements are 
utilized. To consider the noise amplification by 
single-differencing and wide-lane measurements, the variances 
of code and carrier noises were set as 1.5 m and 0.09 m, 
respectively. Before the processing by the candidate filters, the 
measurements are selected or screened by a channel selection 
matrix and multiple channelwise fault detectors as shown in Fig. 
4. As detailed in [6], the fault detection and isolation scheme is 
independent of the position estimates generated by the 
candidate filters. Thus, the same set of measurements is utilized 
as the input to the candidate filters.  

Fig. 5 and Fig. 6 depict the experimental trajectory during 
the total 2100 seconds in more detail. The test vehicle was run 
on a horizontal rectangle twice as shown in Fig. 5. In Fig. 5, the 
left plot shows the overall configuration of the horizontal 
trajectory and the right plot shows a magnified view of the 
uppermost spot. In Fig. 6, the gray line with circles corresponds 
to the CDGPS truth trajectory. As shown by the CDGPS 
trajectory, the test vehicle spends most of its time at a fixed 
height and deviates from it twice. Each deviation corresponds 
to each turning over the rectangle shown in the left plot of Fig. 
5. It needs to be noted that the number of visible satellites 
changes a lot during each turning as shown by the gray line 
with star symbols in Fig. 6. 

Fig. 7 shows the error distance produced by each filter. To 
compute each error distance, the following equation is utilized. 

ˆ CDGPS
k k kd X X= −  (50) 

 
 
Fig. 4.  Implementation architecture for position-domain filters utilizing 
channel selection matrix 
 
where CDGPS

kX  indicates the position estimate provided by the 
CDGPS. In Fig. 7, the dotted gray line with star symbols 
corresponds to the RD Hatch filter, the solid gray line 
corresponds to the PD Kalman-type filter, and the solid black 
line corresponds to the PD Hatch filter. 

In the beginning before approximately 180 seconds, all the 
filters shows similar trend. During the movement of the vehicle 
from 180 to 600 seconds approximately, however, it can be 
seen that the error distance of the RD Hatch filter changes a lot. 
This result is caused by the frequent changes in visible satellites 
as shown in Fig. 6.  

Between 600 and 1500 seconds during which the vehicle 
doesn’t move, the steady state error characteristics of each filter 
can be compared. As a whole, it can be seen that the fluctuation 
between the maximum and minimum values of the error 
distances becomes smaller in the order of the RD Hatch filter, 
the PD Kalman-type filter, and the PD Hatch filter. In other 
words, the PD Hatch filter shows best characteristics in terms 
of precision. Between the 1700 and 1800 seconds and between 
the 1900 and 2100 seconds, it can be clearly seen that the 
maximum error distance reduces in the order of the RD Hatch, 
the PD Kalman-type filter, and the PD Hatch filter. This means 
that the PD Hatch filter shows best accuracy . 

V. CONCLUSION 
Motivated both by the accuracy benefit of the Hatch gain 

compared to the Kalman-type gain and the advantage of 
position-domain filtering compared to range-domain filtering, 
this paper proposed an alternative carrier-smoothed-code filter 
for differential kinematic positioning. It was shown that the 
Hatch gain generates a white residual sequence and the 
position-domain Hatch filter is more attractive than the 
range-domain Hatch filter if changes in the visible satellite 
constellation occur. An experiment result demonstrated that the 
proposed position-domain Hatch filter attractive in real-time 
kinematic positioning.  
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Fig. 5. Horizontal trajectory:  overall configuration (left plot) and magnified view (right plot)  
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APPENDIX 
A. Proof of Theorem 1 

Let’s denote the kj ,ϑ  and 1, −kjϑ  as the measurement 

residuals of the j -th satellite’s channel at the k -th and 
)1( −k -th epochs, respectively: 

kjkjkj vv ,,, −=ϑ  

1,1,1, −−− −= kjkjkj vvϑ  (A1) 

where the a priori range estimation error kjv ,  satisfies: 

1,,1,1,1,1,, )1( −−−−− −++−= kjkjkjkjkjkjkj nnvvv ββ  (A2) 

by (25) and (26). Utilizing the correlation between 1, −kjv  and 

1, −kjn  shown in (A2), it can be verified that: 

0)1(][ 1,,1,1,, =−−−= −−− ρφ ββϑϑ rrRE kjkjkjkjkj  (A3) 

whenever the gain kj ,β  satisfies (23a).  

Though not depicted, two measurement residuals more than 
one epoch apart can also be shown to have zero correlation if 
the gain kj ,β  satisfies (30). As a result, it can be concluded that 

the  RD Hatch filter is a white residual generator.                      
 

 
B. Proof of Theorem 2 

At first, assume that two measurement residuals are 
separated by one epoch. The measurement residual kZ  is 
decomposed as follows (utilizing (7) and (17)): 

kkkk vXHZ += δ  

      
)()(

)(

11

111

−−

−−−

−−−+
−=

kkkkkkkk

kkkkk

nnUHvUHv
ZKHIUH

 (B1) 

Based on the correlations between 1−kZ , 1−kv , and 1−kn , it can 
be shown that: 

[ ] [ ]T
k

T
kkkkkk

T
kk HUrIrKHIUHZZE 111111 )( −−−−−− −−Σ−= φρ  

 (B2) 
where 

IrHPH T
kkkk ρ+=Σ −−−− 1111 : . (B3) 

For kZ  and 1−kZ  to be uncorrelated, the following condition 

should be satisfied since the matrix kkUH  is, in general, not a 
zero vector and is time-varying: 

OHUrIrKHI T
k

T
kkkk =−−Σ− −−−−− 11111 )( φρ  (B4) 

Utilizing (49) for the 1−kK  shown in (B4), it can be verified 
that the condition in (B4) is satisfied. 

The two measurement residuals separated by more than one 
epoch can also be shown to be uncorrelated if (B4) is satisfied 
for every epoch. Thus, the proposed PD Hatch filter generates a 
white measurement residual sequence.                 
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TABLE 1 
  POSITION-DOMAIN HATCH FILTER 

Initialization: 
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Measurement Update: 
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